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minimum of

R(v) :�
�v�Av�
�v�v� � (B.57)

The minimizer of R is an eigenvector with eigenvalue �min. Likewise, the largest
eigenvalue and its corresponding eigenvector can be found by maximizing R.
Functions f : I � � , where I � � , can be defined on symmetric matrices A with
eigenvalues in I. To this end, we diagonalize A and apply f to all diagonal
elements (the eigenvalues).
Since a symmetric matrix is positive definite if and only if all its eigenvalues are
nonnegative, we may choose f (x) �

�
x to obtain the unique square root

�
A of a

positive definite matrix A.

Many statements about matrices generalize in some form to operators on spaces
of arbitrary dimension; for instance, Mercer’s theorem (Theorem 2.10) can be
viewed as a generalized version of a matrix diagonalization, with eigenvectors
(or eigenfunctions) � j satisfying

�
�
k(x� x�)� j(x�) d�(x�) � � j� j(x).

B.3 Functional Analysis

Functional analysis combines concepts from linear algebra and analysis. Conse-
quently, it is also concerned with questions of convergence and continuity. For a
detailed treatment, cf. [429, 306, 112].

Definition B.10 (Cauchy Sequence) A sequence (xi)i :� (xi)i�� � (x1� x2� � � �) in a
normed space� is said to be a Cauchy sequence if for every � � 0, there exists an n � �Cauchy Sequence
such that for all n��n�� � n, we have �xn� � xn��� � �.
A Cauchy sequence is said to converge to a point x �� if �xn � x� � 0 as n�	.

Definition B.11 (Completeness, Banach Space, Hilbert Space) A space � is called
complete if all Cauchy sequences in the space converge.
A Banach space is a complete normed space; aHilbert space is a complete dot productBanach / Hilbert

Space space.

The simplest example of a Hilbert space (and thus also of a Banach space) is
again �N . More interesting Hilbert spaces, however, have infinite dimensionality.
A number of surprising things can happen in this case. To prevent the nasty ones,
we generally assume that the Hilbert spaces we deal with are separable,13 which
means that there exists a countable dense subset. A dense subset is a set S such that
each element of � is the limit of a sequence in S. Equivalently, the completion of

13. One of the positive side effects of this is that we essentially only have to deal with one
Hilbert space: all separable Hilbert spaces are equivalent, in a sense that we won’t define
presently.
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S equals�. Here, the completion S is obtained by adding all limit points of Cauchy
sequences to the set. 14

Example B.12 (Hilbert Space of Functions) Let C[a� b] denote the real-valued contin-
uous functions on the interval [a� b]. For f � g � C[a� b],

� f � g� :�
� b

a
f (x)g(x) dx (B.58)

defines a dot product. The completion of C[a� b] in the corresponding norm is the Hilbert
space L2[a� b] of measurable functions15 that are square integrable;L2[a� b]
� b

a
f (x)2 dx �	� (B.59)

This notion can be generalized to L2(�N �P). Here, P is a Borel measure on � N , and the
dot product is given by

� f � g� :�
�
�N
f (x)g(x) dP(x)� (B.60)

One of the most useful properties of Hilbert spaces is that as in the case of finite-
dimensional vector spaces, it is possible to compute projections. Before stating the
theorem, recall that a subset M of � is called closed if every convergent sequence
in � with elements that lie in M also has its limit in M. Any closed subspace of a
Hilbert space is itself a Hilbert space.

Theorem B.13 (Projections in Hilbert Spaces) Let � be a Hilbert space and M be aProjections
closed subspace. Then every x �� can be written uniquely as x � z� z�, where z � M
and

�
z�� t

�
� 0 for all t�M. The vector z is the unique element of Mminimizing �x� z�;

it is called the projection Px :� z of x ontoM. The projection operator P is a linear map.

Another feature of Hilbert spaces is that they come with a useful generaliza-
tion of the concept of a basis. Recall that a basis is a set of vectors that allows
us to uniquely write each x as a linear combination. In the context of infinite-
dimensional Hilbert spaces, this is quite restrictive (note that linear combinations
(B.28) always involve finitely many terms) and leads to bases that are not count-
able. Therefore, we usually work with what is called a complete orthonormal system
or an orthonormal basis (ONB).16 Formally, this is defined as an orthonormal set SOrthonormal

Basis in a Hilbert space�with the property that no other nonzero vector in� is orthog-
onal to all elements of S.

14. Note that the completion is denoted by the same symbol as the set complement. Math-
ematics is full of this kind of symbol overloading, which adds to the challenge.
15. These are not strictly speaking individual functions, but equivalence classes of func-
tions that are allowed to differ on sets of measure zero.
16. These systems are often referred to as bases in the context of Hilbert spaces. This is
slightly misleading, since they are not bases in the vector space sense.
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Separable Hilbert spaces possess countable ONBs, which can be constructed
using the Gram-Schmidt procedure. Suppose 
vi�i�Λ is a linearly independent setGram-Schmidt

Orthonormaliza-
tion

of vectors with a span dense in�, with Λ being a countable index set. A countable
ONB e1� e2� � � � can then be constructed as follows:

e1 :� v1	�v1��
e2 :� (v2 � P1v2)	�v2 � P1v2��
e3 :� (v3 � P2v3)	�v3 � P2v3��
...

... (B.61)

Here, we use the shorthand Pn for the operator

Pnx :�
n

∑
i�1
�ei� x�ei� (B.62)

It is easy to show that Pn projects onto the subspace spanned by e1� � � � � en.
If the v1�v2� � � � are not linearly independent, then it is possible that vn�1 �

Pnvn�1 � 0, which means vn�1 can be expressed as a linear combination of
v1� � � � �vn. In this case, we simply leave out vn�1 and proceed with vn�2, shifting
all subsequent indices by 1.
Using an ONB, we can give basis expansions in infinite-dimensional HilbertONB Expansion

spaces, which look just like basis expansions in the finite-dimensional case. For
separable Hilbert spaces, the index set Λ is countable.

Theorem B.14 (ONB Expansions & Parseval’s Relation) Let 
ei�i�Λ be an ONB of
the Hilbert space�. Then for each x ��,
x � ∑

i�Λ
�ei� x�ei (B.63)

and

�x�2 � ∑
i�Λ

�ei� x�2 � (B.64)

Note that this generalizes the Pythagorean Theorem to the infinite-dimensional
case.
Let us describe an application of this result, with the dual purpose of demon-

strating a standard trick from functional analysis, and mathematically justifying a
crucial step in the “kernelization” of many algorithms. In Kernel PCA, we need toKernel PCA
solve an eigenvalue problem of the form (cf. (14.7))

�v � Cv� (B.65)

and we know a priori that all solutions v lie in the span of x1� � � � � xm ��. In Chap-
ter 14, we argued that this means we may instead consider the set of equations

�xn�v1� � �xn�v2� for all n � 1� � � � �m� (B.66)

where we use the shorthand v1 � �v and v2 � Cv.
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We are now in a position to prove this formally. It suffices to consider the case
where the 
x1� � � � � xm� are orthonormal. If they are not, we first apply the Gram-
Schmidt procedure to construct an orthonormal set 
e1� � � � � en�. The latter is a
basis for the span of the xi, hence each xi can be written as a linear combination of
the ei. Conversely, each ei can be written as a linear combination of the xi by con-
struction (cf. (B.61)). Therefore, (B.66) is actually equivalent to the corresponding
statement for the orthonormal set 
e1� � � � � en�.
In the orthonormal case, the Parseval relation (B.64), applied to the completion

of the span of the xi (which is a Hilbert space), implies that (we replace x� v1�v2)

�v1 � v2�2 �
m

∑
i�1
(�xi�v1� � �xi�v2�)2� (B.67)

Therefore v1 � v2 if and only if (14.8) holds true. In a nutshell, the ONB expansion
coefficients are unique and completely characterize each vector in a Hilbert space.
We next revisit the L2 space. Since we will be using the complex exponential, we

consider for a moment the case where� is a Hilbert space over � rather than � .

Example B.15 (Fourier Series) The collection of functions17Fourier Series �
eix�
2


�
e�ix�
2


�
e2ix�
2


�
e�2ix�
2


� � � �

�
(B.68)

is an ONB for L2[0� 2
]. As a consequence of Theorem B.14, we can thus expand any
f � L2[0� 2
] as

lim
M��

1�
2


M

∑
n��M

cneinx� (B.69)

where the Fourier coefficients cn are given by18

cn �
1�
2


� 2�

0
e�inx f (x) dx� (B.70)

B.3.1 Advanced Topics

We now move on to concepts that are only used in a few of the chapters; these
mainly comprise results that build on [606]. We define normed spaces �Np as fol-�Np Spaces
lows: As vector spaces, they are identical to � N , but are endowed in addition with
p-norms. For 1 � p �	, these p-norms are defined as

�x��Np :� �x�p �
�

N

∑
j�1
xjp

�1�p
; (B.71)

17. Here i is the imaginary unit
�
�1.

18. Comparing this to (B.60), we note that there is an unexpected minus sign in e�inx.
This is due to the fact that in the complex case, the dot product (B.60) includes a complex
conjugation in the first argument.
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for p �	, as
�x��N

�

:� �x�� � max
j�1�����N

xj� (B.72)

We use the shorthand �p to denote the case where N � 	. In this case, it is
understood that �p contains all sequences with finite p-norm. For N �	, the max
in (B.72) is replaced by a sup.
Often the above notations are also used in the case where 0� p � 1. In that case,

however, we are no longer dealing with norms.
Suppose � is a class of functions f : �� � . The �N� norm of f � � with respect to

a sample X � (x1� � � � � xm) is defined as

� f��X
�

:� max
i�1�����m

 f (xi)� (B.73)

Likewise,

� f��Xp � �( f (x1)� � � � � f (xm)��mp � (B.74)

Given some set � with a �-algebra, a measure � on �, some p in the range
1 � p �	, and a function f : �� � , we defineLp Spaces

� f�Lp(�) :� � f�p :�
��

 f (x)pd�(x)
�1�p

(B.75)

if the integral exists, and

� f�L�(�) :� � f�� :� ess sup
x��

 f (x)� (B.76)

Here, ess sup denotes the essential supremum; that is, the smallest number that
upper bounds  f (x) almost everywhere.
For 1 � p �	, we define

Lp(�) :� 
 f : �� �
		 � f�Lp(�) �	�� (B.77)

Here, we have glossed over some details: in fact, these spaces do not consist of
functions, but of equivalence classes of functions differing on sets of measure
zero. An interesting exception to this rule are reproducing kernel Hilbert spaces
(Section 2.2.3). For these, we know that point evaluation of all functions in the
space is well-defined: it is determined by the reproducing kernel, see (2.29).
Let �(E�G) be the set of all bounded linear operators T between the normed

spaces (E�� � �E) and (G�� � �G); in other words, operators such that the image of
the (closed) unit ball,

UE :� 
x � E 		 �x�E � 1�� (B.78)

is bounded. The smallest such bound is called the operator norm,

�T� :� sup
x�UE

�Tx�G� (B.79)


